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ABSTRACT 


In this paper two new generalizations of normal spaces have been 
defined and studied. The spaces in these classes have been termed 
nearly normal topological spaces of the first kind and the second kind 


respectively. 
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1. INTRODUCTION 

This is the fifth in a series of our papers. The first, the 
second, the third and the fourth such papers has 
appeared in 2018({12],[13],[14]) and in 2020({15]). A 
number of generalizations of normal topological 
spaces have been defined and studied earlier. p- 
normal, y-normal, mildly y-normal, almost normal 
and mildly normal spaces ([7], [8], [9], [10], [11]) are 
several examples of some of these. 


In this paper we have defined two new 
generalizations of normal spaces. These have been 
called nearly normal topological spaces of the first 
kind and the second kind. We have provided 
examples and established many properties of such 
spaces. 


We have used the terminology and definitions of text 
books of S. Majumdar and N. Akhter [1], Munkres 
[2], Dugundji [3], Simmons [4], Kelley [5] and 
Hocking-Young [6]. 


We now define nearly normal spaces of the first 
kind and proceed to study them. 
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2. Nearly Normal Spaces of the First Kind 
Definition 2.1: A topological space X will be called 
nearly normal of the first kind (n. n. f. k) if there 
exists a nontrivial closed set Fo in X such that, for 
each nontrivial closed set F in X which is disjoint 
from Fo, Fo and F can be separated by disjoint open 
sets in X. This space will be denoted by (X, Fg). 


Theorem 2.1: Every normal space is nearly normal 
space of the first kind but the converse is not true in 
general. 


Proof: Let X be a normal space. Let Fo be a closed 
set in X such that, for every closed set H in X such 
that F, 0 H =@. Now, since X is normal, there exist 
disjoint open setsG,,G,in X such that F, Cc G, and 


H CG,.Therefore X is nearly normal space of the 
first kind. 


To see that the converse is always not true, 
Let 
x =R3 = 
R, @, (1,2), (€1,2)°, (2,3), 
aa (2,4), (2,4)°, (2.7), (2,7)°, Seiad 
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Let Fo = (1,2) Clearly Fo is 
closed. (1,2)*, (2,3), (2,4), (4,5), (2,7) are nontrivial 
closed sets in X. Fo can be separated from each of 
them by open sets, but (2,4) 7 (4,5) and (2,3) 7 (4,5) 
are disjoint closed sets which can’t be separated by 
disjoint open sets. Hence (X, Fo) is n. n. f. k. but not 
normal. 


[Many such examples can be easily constructed. ] 


Theorem 2.2: A topological space X is nearly normal 
space of the first kind if and only if there is a 
nontrivial closed set Fo in X such that, for every 
nontrivial closed set F in X which are disjoint from Fo 


and an open set G such that F,; CGC Gc(F)’. 
Proof: First, suppose that X is nearly normal space of 


the first kind. Then there is a nontrivial closed set Fo 
in X such that, for every nontrivial closed set F in X 


such that fF, © F = @and there are open sets G, H in 
X such that Fy) CGand F CHandGoOH =¢@. It 
thatG CH‘ C(F)°. 

Thus, 


follows 

HenceeG CGC H* etry. 
F,CGCGC(F)’. 
Conversely, suppose that there is a nontrivial closed 


set Fo in X such that, for every nontrivial closed set F 
in X which are disjoint from Fo and an open set G 


such that Fi, CGCGC(F)*. Here 


Fic GandF CG. LetG =H. Then H is open, 
F CHandGoOH =@. Hence X is nearly normal 
space of the first kind. 


Theorem 2.3: Let {X : he , be a non-empty family of 
topological spaces, and let x=[ [x ; be the product 


ie] 
space. If X, is nearly normal of the first kind, for each 
i, then X is nearly normal of the first kind. 


Proof: Since each X,is nearly normal of the first 


kind, there exists, for each i1€ 7, a nontrivial closed 
set F; of X; such that for each nontrivial closed set H; 


in X, with F, 0H, =@, there are open sets Uj, Vi in 
Xi such that F; CU,, pe ey. 


Let F= I] F. . Then F is a nontrivial closed in X. Let 
ie] 

K be a nontrivial closed subset of X_ such 

that OK=@.Let, for eachie/,7,(K)=K, 

where Z, : X — X, is the projection map. Then K; is 

nontrivial closed in X;. By (1), there are open 


setsW,, W, in X,such that F, CW,, 


L 


LetW =[]W,,w’=]]w,. 


iel ie] 


Rew. 
Then F CW, 


K CW'andW AW’ =@. Therefore, X is nearly 
normal space of the first kind. 

Theorem 2.4: Every open and one-one image of a 
nearly normal space of the first kind is nearly normal 
space of the first kind. 

Proof: Let X be a nearly normal space of the first 
kind and Y a topological space and let f : X — Y be 
an open and onto mapping. Since X is nearly normal 
space of the first kind, there is a nontrivial closed set 
F in X such that, for every nontrivial closed set H in 
X such that F 4 H = @, there are open sets U, V in X 


such that F CU,H CVand UNV =@ Since f is 
open, f(F'°) and f(H‘) are 
So(f(F‘))‘ and (f (H‘))‘ are closed in Y. 


open in Xx 


Now, F°UHAH‘=X and 
ie, f(F)U f(A‘) =yY. 
Hence (f(F°))° A (f(H*))° =®@. 
Lety,Ee(f(F°))°. Then y, ¢ f(F‘)ie., 
F(X) # Yo: 
that f(x,)=y,, since f is onto. Thus y,€ f(F). 
Hence(f(F*))° c f(F). 
(f(H"))° c f(A). 
Now, f(F) c fU), f(A) Cc f(V), fbeing open and 
one-one, f(U), f(V) are open and disjoint in Y. Thus 


sof(F’ UH‘) =Y, 


there 
exists x, € F, Hence x, € F such 


Similarly, 


for a nontrivial closed set (f (F'“))‘ in Y such that, for 
every nontrivial closed sets(f(H‘))° in Y such 
that(f(F°))° A(f(H‘))° =@,there are 
sets f(UU), f(V) in Y 

that Fy ef). yer) 
and f(U) 1 f(V) =@.Hence Y is nearly normal 
space of the first kind. 


open 
such 


Corollary 2.1: Every quotient space of a nearly 
normal space of the first kind is nearly normal space 
of the first kind. 


Proof: Let X be a nearly normal space of the first 
kind and R is an equivalence relation on X. Since the 


x 
projection map es is open and onto, the 


corollary then follows from the above Theorem 2.4. 
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Theorem 2.5: Let X be a nearly normal space of the 
first kind and Y is a subspace of X. Then Y is a nearly 
normal space of the first kind. 


Proof: Since X is nearly normal space of the first 
kind, there is a nontrivial closed set F in X such that, 
for every nontrivial closed set H in X_ such 
that F ~ H =@, there are open sets U, V in X such 


that FcU,H CcVand 
UAV =@ Let F’ =YOFand H'=YOH. Then 
for a nontrivial closed set F’ in Y such that, for every 
nontrivial closed set H’ in Y such that F’ MH’ = Q. 
Also letU! =Y AU, V'=YQV. Then U, V’ are 
open sets in Y and U'’ OV‘ =@andF’ CU’, 
H' cV’.Hence Y is nearly normal space of the first 
kind. 


Remark 2.1: The corresponding theorem does not 
hold for normal spaces. The validity of the proof in 
Theorem 2.5 above depends on the separablity of a 
particular pair of disjoint closed spaces by disjoint 
open spaces (See Ex. of Munkres[2]). 


Comment 2.1: A continuous image of a nearly 
regular space of the first kind (nearly normal space of 
the first kind) need not be nearly regular space of the 
first kind (nearly normal space of the first kind). 

For if (x oy ) is anearly regular space of the first kind 
(nearly normal space of the first kind) and (X B X-) a 
space with the indiscrete topology, then the identity 
map 1, : X — X is continuous and onto. But (X,T, ) 
is not nearly regular space of the first kind (nearly 
normal space of the first kind). 


Theorem 2.6: Each compact Hausdorff space is 
nearly normal space of the first kind. 


Proof: Let X be a compact Hausdorff space and let 
for a nontrivial closed subset A, there is a nontrivial 
closed subset B in X which is disjoint from A. Let 
xe Aand ye B. Thenx # y. Since X is Hausdorff, 


there exist disjoint open sets G, and H, such that 
xeéG, and yeG,. Obviously {H,: ye B}is an 
open cover of B. 

Since B is a closed subset of X, B is compact. So 
there exists a finite subcover {H,,H,,...,H, } of 
B. Let H,=H, UH, U...UH, and 
G,=G, AG, A..AG, . Then BCH,, xEG, 
and H, AG, =@1.e., X is nearly regular space of the 


first kind. So for eachxe A, there exist two disjoint 
open sets G, and H, of X such that xe G,and 


BCH.,. Hence {G, : xe A}is an open cover of A. 
Since A is a closed subset of X, A is compact. So 
there exists a finite subcover {G,,G,,...,G, } of 
this cover A. Let G=G, UG, U...UG, and 
A=, OH, O..0H, .ThenG, Hare open sets 
of X and ACG, BC HandGOH =@. Hence the 
proof. 

Remark 2.2: It follows from the above proof that 


every compact Hausdorff space is nearly regular 
space of the first kind. 


Theorem 2.7: Every locally compact Hausdorff 
space is nearly regular space of the first kind. 
Proof: Let X be a locally compact Hausdorff space. 
Then there exists one point compactification X ,, of X. 
Then, X,, is Hausdorff and compact. According to 
the above Remark 2.2, X,, is nearly regular space of 
first kind. Again, according to Theorem 2.5, as a 
subspace of X . , X is nearly regular space of the first 
kind. 

Theorem 2.8: Let X be a T,- space. Then X is nearly 


normal space of the first kind if and only if X is 
nearly regular space of the first kind. 


Proof: First, suppose that X be a nearly normal space 
of the first kind. Let x be a point in X and let Fo be a 
nontrivial closed subset of X such that x¢ F,. Since 


X is T\- space, {x} is closed subset of X. We have 
{x} F, =@. Since X is nearly normal space of the 


first kind, there are open sets G and H such that 
{x} CG, ky CH, GNH=¢@ L6:, 
xe G, Ff} CH,GONH=¢@ 
regular space of the first kind. 


. Hence X is nearly 


Conversely, suppose that X be a nearly regular space 
of the first kind. Let x be a point in X and let Fp be a 


nontrivial closed subset of X such that x¢ F,. Since 
X is Tj- space, {x} is closed subset of X. We have 
{x} OF, =@. Since X is nearly regular space of the 
first kind, there exist open sets G and H such that 
xe G, ky} CH, GOH = @ie., {x} 

CG, ky CH, GOH =@. Hence X is nearly normal 
space of the first kind. 


Theorem 2.9: Every metric space is nearly normal 
space of the first kind. 


Proof: Since every metric space is normal, therefore 
it is nearly normal space of the first kind. 
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We now define nearly normal spaces of the second 
kind and proceed to study them. 


3. Nearly Normal Spaces of the Second Kind 


Definition 3.1: A topological space X will be called 
nearly normal of the second kind (n. n. s. k) if for 
each nontrivial closed set F;, there exists a nontrivial 
closed set F) in X which is disjoint from F; such that 
F, and F, can be separated by disjoint open sets in X. 


Example 3.1: Every n. n. f. k. isn. n.s.k. 


[We are to construct an example of an n. n. s. k. space 
which is not n. n. f. k.] 


Theorem 3.1: Every normal space is nearly normal 
space of the second kind but the converse is not true 
in general. 


Proof: Let X be a normal space. Let F be a closed set 
in X such that, there exists a closed set H in X such 
that F 7 H =@. Now, since X is normal, there exist 


disjoint open setsG,,G,in X such that F Cc G,and 
H CG,.Therefore X is nearly normal space of the 
second kind. 

To see that the converse is always not true, 


the proof is most similar to the proof of the last part 
of Theorem 2.lof n. n. f. k. 


Theorem 3.2: A topological space X is nearly normal 
space of the second kind if and only if for each 
nontrivial closed set F in X such that, there is a 
nontrivial closed set Fo in X which is disjoint from F 


and an open set G such that F CGC Gc F,° 

Proof: First, suppose that X is nearly normal space of 
the second kind. Then for each nontrivial closed set F 
in X such that, there is a nontrivial closed set Foin X 
such that Fy  F = @and there are open sets G, H in 


X such that F CGand Fy) CHandGNH =¢@. It 
follows thatG CH’ CF,.. 
GCGCH CF. Thus, FOGCGCF,. 


Hence 


Conversely, suppose that for each nontrivial closed 
set Fin X such that, there is a nontrivial closed set Fo 
in X which is disjoint from F and an open set G such 


that FCGCGCF,°. Here FCGandF, CG . 
LetG =H. Then H is open, 
F, CH andGOH =@. Hence X is nearly normal 
space of the second kind. 

Theorem 3.3: Let {x ‘ he , be a non-empty family of 
topological spaces, and let x=[ |x ; be the product 


ie] 


space. If X, is nearly normal of the second kind, for 
each i, then X is nearly normal of the second kind. 


Proof: Since each X; is nearly normal of the second 
kind, for each i€ J, for each nontrivial closed set F; 
of X; such that there exists a nontrivial closed set H; 
in X, with F, 0H, =@, there are open sets Ui, Vi in 


Xj such that fh, CU,, OB GY, 


Let F=[[F, . Then F is closed in X. Let K be a 
ie] 

nontrivial — closed subset of X such 

thatF 0K =@.Let, for eachie 1,7,(K)=K;, 


where Z, : X — X,is the projection map. Then K; is 


closed in XX; By (1), there are open 
setsW,, W,’inX,such thatF. CW,, K, CW,’. 
LetW=[|[W,, W'=[[W/.  ThnFcw, 


iel ie] 
K CW'andW AW’ =@. Therefore, X is nearly 
normal space of the second kind. 


Theorem 3.4: Every open and one-one image of a 
nearly normal space of the second kind is nearly 
normal space of the second kind. 


Proof: The proof of the Theorem 3.4 of the above is 
almost similar to the proof of the Theorem 2.4. 


Corollary 3.1: Every quotient space of a nearly 
normal space of the second kind is nearly normal 
space of the second kind. 


Proof: The proof of the Corollary 3.1is most similar 
to the proof of the Corollary 2.1. 


Theorem 3.5: Let X be a nearly normal space of the 
second kind and Y is a subspace of X. Then Y is a 
nearly normal space of the second kind. 


Proof: The proof of the Theorem 3.5 follows from 
the proof of the Theorem 2.5. 


Remark 3.1: The corresponding theorem does not 
hold for normal spaces. The validity of the proof in 
Theorem 3.5 above depends on the separablity of a 
particular pair of disjoint closed spaces by disjoint 
open spaces (See Ex. of Munkres [2]). 


Comment 3.1: A continuous image of a nearly 
regular space of the second kind (nearly normal space 
of the second kind) need not be nearly regular space 
of the second kind (nearly normal space of the second 
kind). 


For if (x oT) is anearly regular space of the second 
kind (nearly normal space of the second kind) and 
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(Xx, re Ja space with the indiscrete topology, then the 
identity map 1, : X — X is continuous and onto. But 


(xX, Z,, ) is not nearly regular space of the second kind 
(nearly normal space of the second kind). 


Theorem 3.6: Each compact Hausdorff space is 
nearly normal space of the second kind. 


Proof: The proof of the Theorem 3.6 is most similar 
to the proof of the Theorem 2.6. 


Theorem 3.7: Every locally compact Hausdorff 
space is nearly regular space of the second kind. 


Proof: The proof of the Theorem 3.7 of the above is 
almost similar to the proof of the Theorem 2.7. 


Theorem 3.8: Let X be a T)- space and xo be a point 
in X. X is nearly normal space of the second kind if 
and only if X is nearly regular space of the second 
kind. 


Proof: The proof of the Theorem 3.8 is almost similar 
to the proof of the Theorem 2.8. 


Theorem 3.9: Every metric space is nearly normal 
space of the second kind. 


Proof: Since every metric space is normal, therefore, 
it is nearly normal space of the second kind. 
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